This paper presents calculations of the rate constant for the unimolecular isomerization of cyclobutanone using the theory of Gray and Rice as extended by Zhao and Rice. Such calculations are also carried out from classical trajectory and from local Lyapunov function analysis. The results of the calculations as a function of energy are compared, and the agreement is found to be uniformly good. The present approach is considered as a computationally feasible alternative to Davis' turnstile approach to the calculations of intramolecular energy transfer.
Introduction
The theory of the rate of unimolecular isomerization developed by Gray and Rice, 1 based on classical mechanics, di ers in several important respects from the conventional Rice-Ramsberger-Kessel-Marcus (RRKM) theory 2?6 of the rate of unimolecular isomerization. In addition to applying ideas from the theory of nonlinear mechanics 7 and the theory of nonlinear mappings 8?10 which were introduced into unimolecular reaction rate theory by Davis, Gray and Wagner 11?15 to identify and locate the important phase space bottlenecks in the isomerization reaction, Gray and Rice note that the topology of the molecular phase space di ers from that assumed in the RRKM approach. Speci cally, they show that it is necessary to use a three state representation of the phase space rather than the conventional two state representation. The necessity for this classi cation of the regions of phase space follows from the observation that as long as the molecule remains intact there must be, in addition to the states identi ed with isomers A and B, a third state of the system, with energy in excess of the barrier to isomerization, which is neither A or B. The existence of these three system states is clearly seen in trajectory studies of an isomerizing molecule. 1 The analysis of the reaction dynamics using the three state representation represents a qualitative change from the view posed by RRKM theory; it also leads to an improvement in the quality of the predicted rate constants even in the limit when the rate of intramolecular energy exchange is taken to be very large compared to the rate of reaction.
In its original form, except for subtraction of the region of phase space in which there is quasiperiodic motion from the total available phase space, Rice and Gray did not include the competition between the rates of intramolecular energy exchange and reaction in their analysis. Zhao and Rice 16?17 improved the Gray-Rice theory by developing a useful approximation to the rate of intramolecular energy exchange. Their approximation takes advantage of the identi cation of the barrier to intramolecular energy ow with the remnants of the loci of periodic motion associated with the most irrational frequency ratio in the system (the cantorus), which they replace with a curve de ned by analogy with the analytic approximation to the separatrix. As expected, the inclusion of the intramolecular energy transfer dynamics in the analysis of the isomerization rate improves the quality of the prediction of the rate constant.
The Zhao-Rice approximation to the rate of intramolecular energy exchange is plausible, but it is not obtained directly from dynamical considerations. In this paper we examine a di erent approximation to the rate of intramolecular energy transfer. Speci cally, we examine the (local) Lyapunov function 18 which describes the divergence of initially nearby trajectories started in the vicinity of the cantorus. We compare that rate of divergence with the rate generated by the Zhao-Rice approximation. The new analysis is applied to a calculation of the rate of isomerization of cyclobutanone. The results of our calculations of the rate of isomerization as a function of energy are compared with the results of trajectory calculations; the agreement is found to be good, within a factor of 2.
System Model and Nonlinear Dynamics Structure
The uorescence excitation spectra of cyclobutanone (C 4 H 6 O) has recently been reported from a jet-cooled urescence excitation spectra experiment. 19 That made it possible for a simpli ed yet accurate analysis on this polyatomic molecule. The cyclobutanone molecule has the following bond structure: z }| { CH 2 ? CH 2 ? CH 2 ? C = O. In this paper, a large part of the calculation we carried out is similar to that in our previously reported study of the rate of isomerization of 3-phospholene 17 , so our description of the methodology will be brief.
The potential energy surface for the analysis is adopted from Zhang, Chiang and Laane 19 for cyclobutanone derived from spectroscopic data. Let s be the coordinate representing the out-of-plane carbonyl (C=O) wagging which is de ned in terms of the wagging angle and C=O bond distance r(=1.31 A) by s = r , and x the coordinate representing the ring-puckering motion. The isomerization is identi ed by the wagging motion from one state (isomer state A) to another (isomer state B). We suppose that the dynamics of the isomerization process are adequately described by coupled s-and x-motions, without need for consideration of the other degrees of freedom of the molecule. The two-dimensional potential energy surface is given by V (x; s) = V 1 (s) + V 2 (x) + U(x; s) Fig. 1 with an energy of 0:00094a:u: as the potential barrier height. The atomic units are used through out of this paper unless speci ed.
Neglecting molecular rotation, the system Hamiltonian for the model cyclobutanone has the form H(x; s) = To display the dynamical structure supported by eq.(2.3) we use the Poincar e surface of section representation. The surface of section is chosen as the plane where the x-coordinate is equal to zero when its conjugate momentum p x is positive. The intersections of trajectories with the surface of section are determined using Henon's method. 20 When the potential function is homogeneous it is possible to scale the dynamical structure supported by the Hamiltonian, so that only a single energy needs to be studied for the dynamics. 21 Because the potential V (x; s) in the present study is not a homogeneous function, the energy is a control parameter for the system dynamics. Fig. 2 shows the Poincar e surfaces of section for energies E = 0.001, 0.0025, 0.0075 and 0.01, respectively. Trajectories started on any of the closed curves evolve forever on the surfaces of the corresponding Kolmogorov-Arnold-Moser (KAM) tori. 18 Such stable quasiperiodic motion gives no contribution to the isomerization reaction; only the chaotic trajectories, which wander over the entire energy hypersurface (except the quasiperiodic regions) can lead to isomerization. When the system energy is increased to E = 0.0025a.u. the central elliptic xed points move downward and the fraction of the surface of section covered by quasiperiodic motion decreases; the quasiperiodic motion, in this case, covers about 22% of the available phase space. More interesting that the region of the surface of section with irregular motion can be separated into distinct subregions 22 , and an irregular trajectory remains in that subregion in which it starts. These subregions are intimately intermingled with each other. When the energy is further increased the fraction of the surface of section covered with quasiperiodic motion at rst increases then decreases. For E = 0.005a.u. the fraction of the surface of section covered with quasiperiodic motion is 41%, which decreases to 36% for E = 0.0075a.u. and to 33% for E = 0.01a.u.. Figs. 2 (c) and 2 (d) also show a chain of islands between the regions of quasiperiodic and chaotic motion; these correspond to nonlinear resonances in the system. In the neighborhoods of the resonance islands there are remnants of broken KAM tori (the cantorus). The cantorus may be thought of as a torus with an in nite number of deleted gaps caused by the overlapping of nearby resonance island chains. Phase space trajectories can leak through the holes in the cantorus and thereby escape to cover the remainder of the surface of section. The leakage can be very slow, in which case the cantorus serves as a substantial barrier to large scale di usion of the trajectories. 23 
The Rate of Isomerization
In this section we discuss several di erent calculations of the classical rate of isomerization of cyclobutanone.
A. RRKM Theory
The RRKM reaction rate constant is de ned by Z dp s dp x dsdx (E ? H) (s ? s z ) (p s )g 1 (s)p s ; (3:2) N z A = Z dp s dp x dsdx (E ? H) (s z ? s) (3:3) where (s) is an unitary step function, F z AB is the ux of phase points across the critical surface s?s z = 0 that divides the energy surface into two regions associated with the isomers A and B, and N z A is the concentration of phase points in region A. B. Gray-Rice Theory
The Gray-Rice analysis of the rate of isomerization divides the energy surface into three regions in phase space by use of a rede ned transition statethe dynamical separatrix, rather than the two phase space regions which are separated by the RRKM critical point on the reaction coordinate. In the Gray-Rice theory, the two closed regions inside the separatrix, which represent the two isomers, are denoted A and B; the exterior region between the separatrix and energy boundary, which represents an intermediate state of the molecule which cannot be identi ed with either isomer, is denoted C. The elementary rate constants describing phase point transfer amongst the states A, B and C are given by k AC = F AC N A ; k CA = F CA N C ; k BC = F BC N B ; k CB = F CB N C ; (3:6) where F AC is the forward ux from region A to region C; N A is the phase space volume of region A. F AC = F CA is obtained by consideration of the microscopic reversibility. A useful zero-order analytic approximation to the separatrix with respect to the reaction coordinate is obtained when the terms in the Hamiltonian which prevent the system from being integrable are dropped. 1;16 In the present case the zero order separatrix is
where x is a xed value of x and is normally chosen to be at the saddle point of V (x; s). As shown by Gray and Rice, the dynamical separatrix is formed by the union of the stable and unstable manifolds starting from the xed point which is coincident with the saddle point of the potential energy surface. These stable and unstable manifolds can be generated from large class of numerical trajectory calculations. Gray-Rice theory avoids such calculations by de nding analytic approximation as in eq.(3.7). We show in Fig. 3 the separatrix generated from trajectory calculations and the zeroorder approximation to the separatrix generated by Eq. (3.7) . Clearly, the zero-order separatrix and true dynamical separatrix are generally in good agreement, especially at low energy.
The ux going through the separatrix from one phase spapce region to another can be calculated from F AC = Z dp s dp x dsdx (E ? H) (S) ( _ S) _ S:
The time derivative of the separatrix, required in the integration of eq. (3:12) The normalization constant for the phase space region A is N A = Z dp s dp x dsdx (E ? H) (S): Similarly, the phase space volume of region C is evaluated from N C = Z dp s dp For the systems with complete chaotic dynamical motions, Gray-Rice theory gives correct prediction of the rate of isomerization.
It is worthwhile to note that eq.(3.18) can also be introduced from the canonical uni ed statistical (CUS) theory as developed by Garrett and Truhlar. 24;25 Speci cly, the CUS rate coe cient, k CUS , for a two barrier system is given by k 2 where k 1 and k 2 are the rate coe cients at the two dividing surface locations, and k min is the rate coe cient at the minimum-energy location between the dividing surfaces. If the ux between the two dividing surfaces is very large, the CUS rate coe cient is then reduced to eq.(3.18).
C. Zhao-Rice Theory
As already mentioned, except for excluding the region of phase space in which there is quasiperiodic motion, the Gray-Rice theory of the rate of isomerization neglects the in uence of intramolecular energy on the reaction rate. To improve the Gray-Rice theory, Zhao and Rice introduced a semiclassical approximation for the representation of the intramolecular bottlenecks. 16?17;26?36 One can imagine that a well-de ned dividing surface can be drawn around the region corresponding to quasiperiodic motion of isomer A; this surface splits the lobe of the phase space corresponding to isomer A into an interior region A 1 and an exterior region A 2 . The proposed dividing surface, of course, lies inside the separatrix and is intended to approximate the last broken KAM torus, namely that torus which corresponds to the most irrational frequency ratio. Zhao and Rice then suggested using (3.7) for the functional form for this dividing surface, which implies that the nth intramolecular bottleneck has the form S intra (p s ; s; x) = 1 2 g 1 (s)p 2 s + V (s) + U( x; s) ? E s (n); (n = 1; 2; :::): (3:19) When the motion in the degree of freedom s is con ned to the vicinity of the isomer equilibrium value, a harmonic approximation should be valid. This assumption yields E s (n) = n + 1 2 h! s where the derivative is evaluated at the potential well minimum. For the system potential of cyclobutanone, the potential niminum appears at s = s 0 = 1:68a:u: and x = x 0 = 0.
The rates of transport of phase points across the intramolecular bottlenecks can be calculated as follows. The net ow rate k A 1 A 2 characterizes the spreading of phase points from the region with quasiperiodic motion to the region with chaotic motion, hence simulates the intramolecular energy transfer process. In Zhao-Rice theory one takes this net ow rate to be the intramolecular energy exchange rate. By solving this set of di erential equations one obtains N A 1 (t) and N A 2 (t) for isomer state A. Since N A (t) = N A 1 (t) + N A 2 (t), one can t the the functional form N A (t) = N A (0)exp(?k AC t) to obtain the rate constant k AC for the reaction from state A to state C. The rate between any other two states can be ontained in the same fashion, and the nal reaction rate of isomerization from isomer A to isomer B can be calculated from eq.(3.18). More detailed discussion on the methodology used for extracting the isomerization rate constant from this set of equations can be found elsewhere. 16;24 
D. Results of Calculations
The multi-dimensional integrals de ned in the last three sections for the uxes and normalization constants were evaluated by Monte Carlo integration using 10 7 ?10 8 sets of random numbers to guarantee a good convergence. To match the area of the region of quasiperioic motion on the energy surface as closely as possible, the value of n in eq.(3.21) was chosen to be n = 2 for E = 0.0025; n = 3 for E = 0.005, 0.0075 and 0.01a.u..
We have also carried out trajectory calculations of the rate of isomerization for the model cyclobutanone. The decays of the reactant concentration for several energies are shown in Fig. 4 ; these are, in general, nonexponential. More speci cly, they should be multiple exponential decay. A simple estimate of the isomerization rate constant can be obtained from the time taken for the initial concentration of the reactant ensemble to decay 95% that is quite close to the one obtained from the best exponential tting. The isomerization rate constants from RRKM theory, Gray-Rice theory, ZhaoRice theory and trajectory calculations are displayed in Table 2 . It shows that for this model system the RRKM theory generates about an order of magnitude overestimate of the reaction rate constant. Both the Gray-Rice and the Zhao-Rice theories predict rate constants with about the correct magnitude but with an energy dependence that is too weak. Overall, the Zhao-Rice theory rate constants agree within a factor of two with those derived from the trajectory calculations. This discrepancy is subject to the uncertainty associated with di erence between the rate constants extracted from the three state Zhao-Rice model and the two state model used to analyze the trajectory studies.
The Local Lyapunov Function Analysis
We now examine a di erent view of the dynamics of intramolecular energy exchange. As originally suggested by Du and Brumer, 37?40 and by Brumer and Shapiro, 41 the local expansion and contraction properties of an initial distribution of trajectories, as measured by the Lyapunov exponent, should provide an estimate of the relaxation time for systems whose dynamics is chaotic. It is uncertain, however, which aspect of the relaxation dynamics is properly represented by the Lyapunov exponent.
For a Hamiltonian system the Lyapunov exponents are the measures of the average exponential rates of divergence of initially nearby trajectories in phase space; a Hamiltonian system of N degrees of freedom has 2N Lyapunov exponents. 18 Liouville's theorem (the conservation of phase space volume) implies that Lyapunov exponents occur in pairs j = ? j+N , with j = 1, ..., N. There are at least 2K vanishing Lyapunov exponents if there are K independent constants of motion. In fact, exponential separation of trajectories can not prevail inde nitely; limits to the trajectory separation are set by Poincar e recurrences, or in some cases, the accessible volume of phase space. Usually, however, such limits become e ective on time scales much longer than that on which regular or chaotic behavior is manifest. 42 The set of Lyapunov exponents for the two degree of freedom model of cyclobutanone is fully characterized by the largest exponent denoted 1 . Because the conservation of total energy ensures that two of the Lyapunov exponents vanish. If the largest Lyapunov exponent vanishes we call the system regular; otherwise the system is chaotic. To compute the Lyapunov exponents we employed the algorithm of Wolf-Swift-Swinney-Vastano. 43 In Fig. 5 we show the time dependence of 1 for a typical chaotic trajectory when E = 0.01a.u.. The 1 converges to 0.00016, but the convergence is rather slow.
Carter and Brumer, 44 and Hamilton and Brumer 45 attempted to associate the Lyapunov exponent with the rate of intramolecular energy exchange in two model systems: a Henon-Heiles system at an energy in the chaotic regine and a coupled Morse oscillator system at an energy for which there is a mixture of (predominantly) chaotic motion and regular motion. They found that the time scale of intramolecular energy exchange, when the initial state is global, is consistent with the time scale de ned by the maximum Lyapunov exponent. However, this correlation does not hold for a model of the OCS molecule, in which case quasiperiodic motion and resonance island chains occupy a considerable fraction of the energy surface. In fact, the rate of intramolecular energy exchange in OCS is found to be slower than expected from the rate of exponential divergence of nearby trajectories. This dilemma was resolved by Davis, 12; 13 who used the theory of nonlinear mappings developed by Mackay, 8 Meiss and Percival and Bensimon and Kadano 9;46 to identify the cantorus as a bottleneck to intramolecular energy transfer. The intramolecular energy exchange rate constant obtained by generating a dividing surface which is an approximation to the last broken KAM curve, then calculating the ux across this dividing surface by the di erence between it and its iteration on the Poincar e surface of section (which generates a so-called turnstile); this method leads to an accurate prediction of the rate of intramolecular relaxation in OCS.
Although there is not a simple relationship between the rate of intramolecular energy exchange and Lyapunov exponents in a system in which quasiperiodic and chaotic motion coexist, we suggest that the local Lyapunov function, 47 i.e., the nite time Lyapunov exponent, can provide insight into the correlation between the two time scales. In a system with mixed dynamics, chaotic trajectories can wander close to the KAM tori which bound the quasiperiodic motion. When they do so, such trajectories can become trapped in the vicinity of the KAM tori for a long time because the cantorus lying between a KAM torus and the stochastic region is "sticky" by virtue of its structure. 48 Since the Lyapunov exponents on the KAM tori are 1 = 2 = 0, initial conditions that lead to trajectories that spend a very long time near the KAM tori (inside the cantori) must have abnormally small values of 1 . We suggest using this nite time 1 to characterize the intramolecular energy exchange time scale in a system with coexistent quasiperiodic and chaotic motion.
Consider again the model cyclobutanone system studied in this paper. An examination of the potential function in eq.(2.1) shows that this system can be viewed as two coupled one-dimensional quartic two-well oscillators.
By setting the coupling potential U(x; s) = 0, one generates a zero-order Hamiltonian. In principle, if the trajectory in phase space for a quartic twowell oscillator is available, it is possible to estimate the locations of nonlinear resonances from the zero-order energy dependent vibrational periods; these clearly depend on the partitioning of energy between the oscillators. 49 For the present model system the reduced masses of the oscillators are very di erent. The e ective mass for the wagging motion in the s direction is s = 7.408 u, and for the ring-pucking motion with the coordinate x is x = 190.84 u. This suggests that energy transfer between them will be very slow.
To obtain quantitative information about the intramolecular relaxation time scale we have computed the local Lyapunov function by starting a trajectory inside the cantorus region. A typical spectrum of the local Lyapunov function, 1 (t), is shown in Fig. 6 . Note that in the initial phase of the evolution of the trajectory it is stuck in the cantorus region (for about 2 10 6 a:u: ). Consequently, the initial dynamical development of the energy exchange is characterized by a very small local Lyapunov function. At the end of this period the trajectory breaks through the cantorus and then wanders over the entire available region of chaotic motion. Associated with the breakout of the trajectory is an increase in the Lyapunov function, which eventually converges to its limiting value (the Lyapunov exponent). If we assume that the minimum of the local Lyapunov function determines the e ective rate of intramolecular energy exchange we nd the values listed in the Table 3 . These relaxation rate constants are nearly energy-independent, which we attribute to their dependence on the winding numbers of the associated resonance islands and the interactions between the stable manifolds and unstable manifolds that de ne the cantori. In Table 3 we also display the intramolecular energy exchange rate constants obtained from Zhao-Rice theory. The agreement between the intramolecular energy exchange rate constants obtained from Zhao-Rice theory and from the local Lypunov function approximation is found to be remarkably good, especially in view of the semiclassical nature of the Zhao-Rice approximation. The entries in Table 2 and Table 3 show that the isomerization rate constant is comparable in magnitude with the intramolecular energy exchange rate constant. The RRKM theory assumption that intramolecular energy exchange is much more rapid than reaction is not valid for the model cyclobutanone system we have studied, so it is not surprising that the RRKM prediction of the isomerization rate constant is an order of magnitude too large.
Final Remarks
Oxtoby and Rice 50 demonstrated in an early paper, from a study of coupled Morse oscillators, the importance of nonlinear resonances in e ecting intramolecular energy transfer 51 . The point is that "isolated nonlinear resonances lead to trapping of the vibrational energy of the system, hence to slow vibrational relaxation". The use of the local Lyupanov function to de ne the time scale for intramolecular relaxation, proposed in this note, represents a quanti cation of the Oxtoby-Rice observation. Although there is reasonable agreement between the rate of intramolecular energy exchange estimated in this fashion and from those of Zhao-Rice theory, much more remains to be done to fully understand the complexities of this relaxation process. Indeed, it is necessary to justify analytically the correlation between the local Lyapunov function and intramolecular relaxation. 52 Much e ort has been made by many researchers to improve the RRKM prediction of the reaction coe cients. One of such approaches, for instance, is the generalized transition state theory as discussed by Garrett and Truhlar. 53;54 In the generalized transition state theory approach the dividing surface is usually variationally optimized to achieve the best possible RRKM-like prediction of the reaction rate. We have noted that the alternative RRKM (ARRKM) theory, developed by Gray, Rice and Davis, is just in the family of the generalized transition state theory and the Zhao-Rice theory is an extension of ARRKM theory to include the e ects of intramolecular energy transfer.
As shown in this paper, the RRKM prediction of the isomerization rate constant of cyclobutanone is an order of magnitude too large. It poorly describe the competition between the rates of intramolecular energy transfer and reaction. Davis' nonlinear dynamical turnstile approach gives accurate dynamical description, but generally requires very heavy numerical computation. For the present we see our suggestion as a computationally feasible alternative to Davis' elegant turnstile approach to the calculation of the rate of intramolecular reaction in a system with both quasiperiodic and chaotic motion.
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